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We propose a mechanism to describe iiow a piiysical quantity, which initially can take continuous values, 
is restricted within some discrete values after a measurement. As an example of the present theory, in which 
interplay between coherence of motion and fluctuation from disturbance plays an important role, we investigate 
motion of a spin state in a magnetic field. First, we point out that discrete eigenstates are formed from continuous 
states as a result of coherence of precession motion of a spin. Next, by assuming disturbance from environmental 
electromagnetic fields, we investigate temporal change of direction of a spin state by applying the first order 
perturbation theory and the Monte Carlo technique. Results of simulations show that the spins, whose directions 
are randomly distributed at the initial time, are reoriented toward only two directions due to fluctuation guided 
by coherence. 



I. INTRODUCTION 

In spite of the great success in a large number of applica- 
tions, the quantum mechanics still contains a puzzling aspect 
in its foundations. One of the crucial questions is why and 
how an observed physical quantity is restricted within only 
some particular discrete values. A typical example is seen in 
the historical experiment achieved by O. Stern and W. Gerlach 
in 1922.jTl 0, m As is well known, they investigated trajec- 
tories of Ag atoms injected into an inhomogeneous magnetic 
field from a hot oven for the purpose of measuring momentum 
of Ag atoms. Contrary to naive expectation they observed split 
atom beams. This result indicated that magnetic momenta of 
the Ag atoms take only two values, even though the Ag atoms 
should have been randomly oriented when they escaped out 
of the hot oven. This effect, called space quantization, clearly 
exhibited that physical phenomena of atomic scale are essen- 
tially different from the concept of classical mechanics. 

To date, the quantization effect is the foundation of the 
quantum mechanics which is the only reliable theory to de- 
scribe physics of atomic scale. The quantization effect is often 
attributed to reduction of wavefunction which cannot be de- 
duced from other principles. It is sometimes said that a mea- 
surement always causes the system jumps into an eigenstate 
of the measured variable. In spite of a number of theoretical 
trials to describe the reduction of a wavefunction in terms of a 
density matrix, the problem is still controversial.|4j 5^ 6, 7] 

It has been long thought that such a problem is too aca- 
demic and useless even if it is important as the foundation 
of the quantum mechanics. However, recent development 
of technologies has enabled us to observe phenomena which 
could be carried out only in a conceptual experiment. For 
example, some experiments of quantum information have re- 
vealed essential aspects of the quantum mechanics as a real 
substance. 1 9] Behavior of electrons in a mesoscopic system 
also needs essential quantum mechanical viewpoints.! 10] In 
addition, there are proposals of quantum computer utilizing 
nuclear spins|ll] or electron spins in a quantum dot.[? ] 
Therefore, deeper insight for the quantum mechanics is re- 
quired, and it is of great significance to investigate motion of 
an spin for development of novel devices as well as for basic 
physics. 

In this letter, we propose a mechanism to explain how a 



physical quantity is quantized into some discrete levels when 
an observation is carried out. In order to describe the quantiza- 
tion process, we study the effect of quantum coherence on mo- 
tion of a physical quantity with an example of a spin in a mag- 
netic field. In the precedent studies, we have shown that coher- 
ence of time-evolving electron wave gives rise to formation of 
quantized eigenstates with discrete eigenenergies.l 13. .14I] We 
have calculated time-dependent density of states which ex- 
hibits transformation from a continuous spectrum into discrete 
levels, however, we have not taken the effect of scattering into 
account. In this study we investigate the effect of collabora- 
tion of coherence and fluctuation due to inelastic scattering, 
and show how a value of physical quantity approaches one of 
discrete eigenvalues. 

There are theories that dephasing due to interaction be- 
tween a quantum and environment plays an important role in 
a measurement process. |6, 7, 8] The present study is based on 
the similar standpoint. However, as far as we know, there have 
been no studies that pointed out the importance of interplay of 
coherence and scattering. 

II. THEORY 

A. Formation of eigenstates due to coherence 

We investigate motion of a spin in a magnetic field, and 
show how it is quantized owing to interplay between coher- 
ence of motion and fluctuation due to environmental distur- 
bance. 

Let us consider a spin in a uniform magnetic field applied 
along the z-axis. This is a similar situation to the Stern- 
Gerlach experiment (SGE). However, we note that the situ- 
ation of this study is different from that of the SGE in some 
points. First, we treat electron spins instead of momenta of Ag 
atoms. Next, we consider a uniform magnetic field, instead of 
inhomogeneous field used in the SGE. Inhomogeneity is only 
necessary to change electron's position in accordance with a 
direction of a spin. It is thus sufficient to consider motion in a 
uniform field when we are interested in directions of the spin. 
It is not difficult to include spatial motion of an electron by 
using wavepacket wavefuctions. 

We consider a spin which is oriented a (6, (f) direction in 
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the polar coordinate at the initial time f = 0. This spin state is 
expressed by a wavefunction 

\e, if) = cos(6i/2) e-'^f^^ 1+) + sin(6»/2) e'^f'^ |-), (1) 

where |+) and |-) are the eigenstates of the spin operator 5, as 
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s,\±)^±-\±). 



(2) 



Since the Hamiltonian of the interaction between a spin and 
a magnetic field, 'H - {eBlm)s^, is a generator of a time- 
evolution operator, the spin state in a magnetic field shows 
precession around the z-axis with a frequency o) - eB/mas 

\9, ip, t) -\e,ip + cot) 

= cos(6»/2) e-'(^+"')/2 + sin(6i/2) e'f^+'^'V^ |_). (3) 

We introduce here a superposition of the spin wavefunc- 
tions in the precessing motion as 
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dt'e"^»''l^'\e,ip,t'). 



(4) 



In this equation Eq is energy of the spin state in a magnetic 
field given by £0 = {G,ip\'H\0,ip) = eBhcos6/2m. \x(e,ip,t)) 
is a coherent superposition of wavefunctions over the his- 
tory during the time ~ t. In other words, we may inter- 
pret the function \x{0, f, t)) as afterimage of precessing spin. 
The function \x(0,(p,t)} has a physical meaning as a time- 
integrated probability amplitude, i.e., the probability of find- 
ing a state at the direction 9 during the period ~ t. 




FIG. 1: Precession of a spin in a magnetic field applied along the 
z-axis. 

We note that the exponential factor in eq. @ has a role 
to cancel the time-dependent phase factor of \6,if,t'), i.e., 
g-iEoi //i jjjjg cancellation is important to obtain a rational 
result. Since we are considering a superposition of states be- 
longing to different times, relative phase difference between 
the states changes if additional constant potential is applied. 
Thus the additional potential changes the superposed wave- 
functions completely. Since such a situation is nonsense, 
the time-dependent phase factor should be excluded from the 
time-integration from the viewpoint of the gauge invariance of 
the superposed wavefunctions as shown in eq. Q. 



By inserting eq. (|3} into eq. 0, we can show that this 
function approaches the spin eigenstates with time as 



lim \x{0,>p,t)} 
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(others). 



(5) 



Eq. (5) means that we can interpret that eigenstates are formed 
as a result of coherence of motion of a precessing spin. When 
energy of the precessing spin coincides with one of eigenen- 
ergies E-t - +eBfi/2m, the coherent superposition approaches 
corresponding eigenstate. On the other hand, if energy is apart 
from any of eigenenergies, superposition of moving states de- 
cays due to destructive self-interference. 




Azimuth of spin 



FIG. 2: The time-dependent density of states p(9, t) plotted as a func- 
tion 6. Eash curve shows p(Q, t) for the time t = n/ai ~ lOn/ai. Note 
that p{9, t) is normalized by a characteristic energy huj. 

In order to show how the continuous spectrum changes into 
discrete levels, we introduce a function p{6, t) with a norm of 
the function ;^f(0, (f, f) given by 

1 



~p(oj) ^ —(^{e,ip,t)\x(e,ipj)) 

= 2|A,|'^,(£e + /Jw/2). 



(6) 



In this equation, A± = {6,(p,0\±) is an overlap inte- 
gral between the initial state and the eigenstate. 6t{E) - 
sm^(Et/2ti)/(nE^t/2h) is the 5-function broadened due to fi- 
nite lifetime. Since +fKD/2 are eigenenergies in a magnetic 
field we may interpret this function as density of states with 
broadened spectra due to finite lifetime formed as a result of 
coherent motion of a spin state. 

Figure 2 shows p(6, t) normalized by a characteristic en- 
ergy tio) plotted as a function of 9. The curves show p{0, t) 
calculated for t - nlu ~ IOtt/w. When t is small p(0,t) is 
an almost uniform function of 6. On the other hands, when 
t is large, p{6, t) has peaks around 9 - Q and n. This means 
that probability to find the spin at the direction is restricted 
within the two values because of formation of eigenstates due 
to coherence. Considering that \x{9, f, 0) is relevant to obser- 
vation for finite duration of time, the behavior of p{d, t) means 
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we find a spin at any directions when t is small, whereas we 
find a spin only in the direction = or tt in the long time. 



B. Simulation of dynamics of spin direction 

Let us presume that the direction of a spin fluctuates due to 
disturbance from environmental electromagnetic fields. Un- 
fortunately, we lack detailed knowledge of the interaction be- 
tween a spin and electromagnetic fields. We thus treat strength 
of the interaction as a parameter, and apply the first order time- 
dependent perturbation theory to investigate fluctuation of 
spin directions with a conventional picture of sudden change 
of spin directions. 

We have to note that the set of the states \9, tpYs is overcom- 
plete. In order to derive an expression of scattering probabil- 
ity with overcomplete basis including the efifect of the coher- 
ence, we start from the Lippmann-Sch winger equation with 
the Born approximation 



- f £/Te'<^''-^'^/''y(T)|0,(^). (7) 



In this equation, \tfr^} is a state generated from the initial state 
\6, (f) due to interaction between a spin and electromagnetic 
fields. We assume that the interaction is given by the operator 
Vij) - V e±'"'"/'' with Q the frequency of the electromagnetic 
field. By inserting the completeness relation of the spin states 



— dO'l dip' sin ff \e', (fi'Xe', v' 
2wJ() Jo 

into eq. Q, we have 
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This equation indicates that the scattered state \\p^) is written 
as a linear combination of spin states \9' , ip'Ys. Therefore, by 
following the ordinary argument of the time-dependent pertur- 
bation theory, we have the expression of scattering probability 
as 



W(0',(p';6,(p,t) = 



lao'Att \V\ 



^'-i-p{e',t), (10) 



t 2nh 

where ag>^^'{t) is the quantity in the square bracket in eq. (|5Jl. 
p{9' ,t) in this equation is given by an expression similar to 
eq. but with different factors = cos(0/2) cos(0'/2) and 
B - sin(6l/2) sin(6'72) instead of A+. We may regard p(0', t) 
as time-dependent density of states for transition. Except the 
factor 2n arising from the prefactor of eq. (|8|i, this expression 
is the same as the Fermi's golden rule. See ref. 1 14] for the 
detail of scattering theory with non-orthogonal overcomplete 
basis. 

We investigated temporal change of spin directions by us- 
ing the Monte Carlo simulation, taking stochastic nature of 
behavior of electrons into account. Il5ll The procedure of the 
simulation for a spin is 



(i) We set an initial direction of a spin with a random number. 

The spin begins precession. 

(ii) By considering that precession motion is interrupted due 

to inelastic scattering after time tj, we evaluate tj with 
an equation 



•logr, = ^ ( 



(11) 



dt W(6, ip, t) 
where r,- is another random number and 

W(6i, f ) = I de' I dip' sin 6»' W(6»' ,ip' ■,9,ip,t) (12) 
Jo Jo 

is a total transition rate of the spin. 

(iii) We determine a new direction of the spin using a random 

number with weight given by Wiff ,(p' ;6,(p) which is 
evaluated from eq. jlOt . 

(iv) We repeat the steps (i), (ii), and (iii) considering that co- 

herency is lost when inelastic scattering occurred, and 
accumulate relevant quantities. 




FIG. 3: Examples of spin motion calculated from the present theory. 
Sample paths calculated by the Monte Carlo simulations are plotted 
as functions time. 



III. RESULTS AND DISCUSSION 

Results of the Monte Carlo simulations are depicted in Figs. 
3, 4 and 5. In Fig. 3, some of the sample paths (tempo- 
ral change of azimuth of spins) calculated for the parameter 
tcl(2nl(jj) - 20 are plotted as a function of time. The time is 
normalized by the characteristic time of scattering defined by 
tc = 2jifi'^col\V^ . An average interval of scattering events may 
be represented by tc- As clearly shown in Fig. 3, the azimuth 
of spin fluctuates due to inelastic scattering, and approaches 
^ or TT after receiving several scattering indifferent to the 
initial direction. 
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FIG. 4: Distribition of spin directions at the time f = 0, Q.ltc, Q-dh, h 
and 2tc obtained from 100,000 paths of the Monte Carlo simulation 
with the parameter tc/i2n/a)) = 20. 



Fig. 4 shows distribution of 9 at the time t = 
0,0.2tc,0.6tc,tc and 2tc accumulated from 100,000 paths of 
the simulations. At the initial time f = 0, the azimuth dis- 
tributes uniformly between and n. With increasing time, the 
distribution curve shows two broad peaks corresponding to 
the most probable direction to be observed. This is because, 
as also shown in Fig. 3, a spin is reoriented toward the two 
directions or ;r while receiving scattering several times. 
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FIG. 5: The off-diagonal element |pi2(f)l of the density matrix are 
plotted as a function of time. 

This quantization effect arises from interplay between co- 



herence of precession motion and fluctuation due to inelastic 
scattering. The transition probability is proportional to density 
of final states which is formed as a result of coherent super- 
position of moving spin states. Since the density of states has 
peaks around 9 = and n, the final states tend to have these 
values of azimuth. This also means that there must be enough 
long time between scattering events for the coherence to be 
formed. When an interval of successive scattering events is 
very long, possible final states of scattering will be restricted 
to = or ;r. On the other hand, if scattering occurs very fre- 
quently, final states can have any directions. In other words, it 
is necessary that the ratio between scattering interval and pre- 
cession period tcj{2nloj) must be large for this mechanism of 
quantization to occur. 

We can interpret the quantization process in terms of phase 
coherency of an ensemble of spins. Properties of an ensemble 
is well expressed by a density matrix given by an average over 

spins as 



1 ^ 

Pm,nit) = J^^\^i^'Pj^t){9j,tfj,t\, 
7=1 



(13) 



where j specifies each spin. Figure 5 shows the off-diagonal 
element of the density matrix evaluated from the simulations. 
With increasing time, the off^-diagonal element decreases, in- 
dicating that the ensemble of spins approaches a mixed en- 
semble as pm_„ ^ (1/2) J„ „ due to reduction of phase co- 
herency. 

Finally we note that this theory can be verified in experi- 
ments. Even though the strength of inelastic scattering is un- 
known, we can vary the parameter tjtc by changing length of 
the region where a magnetic field exists. It is also possible to 
change the parameter tc/(2n/cL>) by changing magnitude of the 
applied magnetic field. We expect that the distribution curves 
of spin direction as shown in Fig. 4 wiU be obtained from 
measurements with various conditions. 



IV. CONCLUSION 

In conclusion, we have proposed a mechanism to describe 
how a physical quantity is quantized due to an observation. 
We have shown that the interplay between coherence and fluc- 
tuation leads a spin toward one of eigenstates. Base on this 
theory, we carried out simulations for motion of spin under 
both a magnetic field and disturbance from environment. The 
results of simulations clearly showed that the direction of the 
spin tends to approach only two values 9 = ot n while re- 
ceiving several scattering. The results elucidated that space 
quantization of a spin can be explained by the interplay be- 
tween coherent motion and decoherence due to scattering. 
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